Broken symmetry, hyper-fermions and universal conductance in transport through a 

fractional quantum Hall edge. 
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We have found solution to a model of tunneling between a multi-channel Fermi liquid reservoir 
and an edge of the principal fractional quantum Hall liquid (FQHL) in the strong coupling limit. The 
solution explains how the absence of the time-reversal symmetry at high energies due to chiral edge 
propagation makes the universal two-terminal conductance of the FQHL fractionally quantized and 
different from that of a ID Tomonaga-Luttinger liquid wire, where a similar model but preserving 
the time-reversal symmetry predicts unsuppressed free-electron conductance. 
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Low energy transport through an incompressible 
Quantum Hall liquid (QHL) with gapped bulk excita- 
tions is carried by gapless edge modes [0,^. For prin- 
cipal FQHL of the filling factor ly = 1/odd these modes 
are described as a single branch of a chiral Luttinger liq- 
uid (xLL) 1^,1). In presence of the right and left chiral 
edges, the model of the FQHL transport Q appears to be 
equivalent to that of a metallic phase of a ID interacting 
electron gas ^ known as the Tomonaga-Luttinger liquid 
(TLL). To describe the two-terminal transport experi- 
ments, external reservoirs have to be added |^,^ to the 
model so that the full transport process includes trans- 
formation of the reservoir electrons into the FQHL/TLL 
quasiparticles in the junctions. The transformation pro- 
cess makes the two-terminal conductance of both the 
TLL wire |@,|| and the narrow FQHL junctions [0jl2| 
equal to the free electron conductance do- The stan- 
dard experimental observation, however, is that the two- 
terminal FQHL conductance is equal to the Hall conduc- 
tivity vao (see, e.g., but not o-q, the fact that im- 
plies equilibration between the chemical potentials of the 
reservoirs and the outgoing edges pO| . This problem was 
recently studied for the junction modeled as a se- 

quence of point-like contacts between the edge and differ- 
ent channels of a multi-channel Fermi-liquid (FL) reser- 
voir under the assumption of suppressed quantum inter- 
ference between electron tunneling at different contacts 
e.g., due to finite decoherence length |14|. Then, cur- 
rents injected into the edge at different points are directly 
related to the local values of the chemical potentials and 
can be added incoherently into a common current-voltage 
characteristic. Although this procedure reproduces equi- 
libration between the edge and reservoir as the number 
of reservoir channels is increased, the model does not 
provide the reason for suppression of quantum interfer- 
ence of the channels at low energies. This drawback is 
very important, since in the low-energy limit any finite 
distance between the channels drops out from the solu- 
tion and quantum interference is known to reduce 
all the channels to a single tunneling mode. Therefore a 
quantum solution is needed to determine whether the 



multi-channel tunneling model is complete or requires 
an additional decoherence mechanism for equilibration 
at physically relevant low energies. 

In this work, we consider the above model of FQHL 
tunnel junction and find its quantum solution in the 
strong coupling limit. The zero frequency tunneling con- 
ductance obtained from this solution demonstrates three 
basic features. (1) The conductance depends on the as- 
sumed exchange statistics between electrons in the dif- 
ferent reservoir channels which appears in our solution 
through the fermionic phase factor e"™ with in general 
arbitrary odd m. (2) The standard choice of the mini- 
mum statistical phase m = ±1 results in the conductance 
Gi = 2aQiy'/ (l+v) of a single tunneling mode. This result 
does not depend on the actual number of the reservoir 
channels involved in tunneling. Such situation occurs 
1^ in tunneling between the reservoir and the TLL wire 
and, when the second reservoir is attached to the opposite 
end of the wire, results in the free electron conductance 
||ll|,[2| . (3) The "hyper-fermionic" g] statistics m=l/v 
of the electrons induced by their propagation along the 
edge leads to equilibration between the outgoing edge and 
reservoir chemical potentials with increasing number of 
reservoir channels even in the absence of any decoherence 
mechanisms 

The appropriate choice of the statistics can be made by 
minimization of energy or based on dynamics of charge 
propagation. A crossover occurs when the distance be- 
tween the two tunneling point-contacts approaches an in- 
verse momentum cut-off of the ID edge excitations: For 
small separation between the contacts, the statistics is 
given by the minimum fermionic phase, and the tunnel- 
ing is carried by a single tunneling mode, while for large 
separation the statistical phase is 1/v and the two reser- 
voir channels can not be reduced to a single mode. A 
physical reason for the crossover is that an electron tun- 
neling from the first channel into the edge at point xi and 
tunneling out at X2 into the second channel propagates 
in the FQHL as a composite fermion by absorbing 
even number (1/j/— 1) of fluxes. Therefore, its correlation 
function < ip{x2, iT)^^^ {xi,0) >oc {vt + i{x2 ~ xi))^^^'^ 
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acquires a phase different from that of electrons in the 
chirally symmetric wire, where < 4'{^2,'iT)il!^ {xi,0) >cx 
[(2:2 - + (wr)2]-(i/>^-i)/2/(„^ + - a;i)). The 
large-time asymptotics of both functions are the same. 
Therefore, additional phase in the FQHL edge, which 
changes the hyper-fermionic extension of statistics of the 
tunneling electrons, depends on geometry of the junc- 
tion. Technically, this phase is introduced through the 
commutation relations between bosonic fields appearing 
in tunneling operators at different points. The commu- 
tator does not vanish, since these fields are not chirally 
symmetric. This chiral asymmetry of tunneling opera- 
tors preserves time-reversal asymmetry of the quantum 
model even at low energies. 

The model we consider represents n scattering chan- 
nels of the spinless FL reservoir as free chiral fermions. 
Tunneling from the channels (labeled by j — 1, ...,n) 
into the edge (labeled by 0) is assumed to be localized on 
the scale of magnetic length at the points Xj along the 
edge, where we take Xj < Xi for \ < i < j < n. It is 
described by a tunnel Lagrangian: 

n 

Ctunn = 'YyUj^p^{Xj,t)^^.j{Xj,t) + h.c] , (1) 
J = l 

where UjS are chosen real and positive. Bosoniza- 
tion expresses the operators of free electrons ipj{x,t) = 
(27ra)^-'^/^^je*"^J^^'*^ in the reservoir channels and the op- 
erator of electrons propagating along the edge -00 = 
(27ra)~^/^^oe"^°'-'^'*-'^^ through their associate bosonic 
fields 4>i, the Majorana fermions £,i accounting for their 
mutual statistics, and a common factor 1/a denoting 
momentum cut-off of the edge excitations. Since the 
spatial dynamics of the reservoir channels does not af- 
fect the tunneling currents, velocities of these chan- 
nels are irrelevant, and we take them as equal to the 
velocity v of the edge excitations. Free dynamics of 
the bosonic fields is governed then by the Lagrangian 
Co = J2l=oi4'i^~^4>i)/'^j where the differential operator 
K-^ is: 

K-^Mx,t) = ^d,idt + vd^)Mx,t). (2) 

ZTT 

The full Lagrangian C ~ £o + also includes an 

additional kinematic part £j = (1/4) 'C/t^tCi describ- 
ing a pure statistical dynamics of the Majorana fermions 
(time-ordering). A finite voltage applied to the reser- 
voir is accounted for by the opposite-sign shift /i of the 
electrochemical potential of the edge. Since the chiral 
edge density po is: Pa = \/i^dx4>o/{'^T^), this shift can 
be introduced by an additional non-equilibrium part of 
the Lagrangian Cy = v^/27r J dx(j>o{x,t)dxV{x), where 
V{x) — —n sgn{x — yx) and yx — > oo. With this choice 
of V{x), the voltage introduced through Cy does not 
produce the edge current directly at a; < yx^ and all 
the edge current — ^^Po caused by Cy in the interval 
xi < x < yx is just the opposite of the total tunneling 
current. 



To explain the main idea of our calculation we first 
consider the strong coupling limit of a one-point contact 
(n = 1). The tunneling Lagrangian reduces to Ctunn — 
t/i/(27ra) cos((/)o(xi, i)/Y^ — (/)i), and in the limit Ui 
oo fixes the argument of the cos-term at one of the co- 
sine maxima, say, (j)o{xi^t) / ^/u — (j)i{xi^t). This semi- 
classical procedure leads to an effective Lagrangian that 
is quadratic in its vector-argument (j){x,t) = [0o,0i]"^. 
Performing functional integration over (j) one can find the 
two-component average 4>{x,t) =< 4>{x,t) > as 

^(;^,t) = f *-^l-l<?(x,a;)/i(u;) , (3) 

TT J U 

where —2-Kig/uj is the first column of the (2 x 2) ma- 
trix Green function. The two components (70,1(2;) of the 
function g do not depend on ^ 00 for x < yx, 
and satisfy the homogeneous differential equation (|^) 
at X ^ xi and therefore can be written as 50,1 = 
aQ i+bQ^iexp[—iujx/v]. The coefficients take different val- 
ues Oq ]^ , 6q ]^ for X smaller and larger than xi (p denotes < 
or >, respectively). They are related among themselves 
by four conditions: continuity of go and gi; continuity of 
the current flow: \/vh'^ ^h"^ — \py\y^ -(- h\\ and maxi- 
mum of the tunneling term: 50(2^1) — \pi^g\(,x\) — 0. The 
solution g is a linear combination of the four indepen- 
dent functions: /- = [x/P, 1]^, = e^^^/^c", /i''^^ = 
6'(=f(x — xi))(e*"^/'' — 1)[1, — y^]^, which are constructed 
to satisfy these conditions. Since propagation of tun- 
neling electrons is governed by the diagonal free matrix 
Green function x 1, where (for lo below cut-off): 

if(x-y,^) = - — [i+0(x-y)(e"'^-l)], (4) 

we can find more restrictions on the coefficients: fe^fj^ = 
0,0^^ = — aj^,ag = 1/2 — a\l^. They uniquely spec- 
ify ff(x,cj) = y^j-n - />]/(l + v). The currents 
follow the from Eq.(||) as ji{x,t) ~ —jo ~ TH^^i^ ~ 
xi)(7ofl{t — [x — xi]/v), where fl{t) is the convolution of 
the function fi(t) with the normalized Lorentz factor of 
the width 1/D = a/ v. The tunneling conductance is 
equal to Gi — 2vanJ{\ -\- v) in agreement with the re- 
sult of application |12| of the chirally symmetric solution 
developed |^ for a point scatterer in TLL. 

To extend this approach to the multi-channel contact, 
we notice that although the statistical factors ±Co'?i at- 
tributed to annihilation/creation of electrons in the jth 
channel can not be ignored for more than one j in- 
volved, they can be substituted |l^ by the exponents 
exp{±irij} of the zero-energy bosonic fields satisfying 
[rii,rij\ = ii^^ij with odd integers 7^^- = —^j.i- Dif- 
ferent values of jij correspond to different branches of 
the phase of the fermionic statistical factor (—1) aris- 
ing from interchange of S.i and The pure statistical 
dynamics of the 77-fields is described by the Lagrangian: 
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Cr, = 1/2 X] Vili,j9trjj , where 7- ^ are elements of the ma- 
trix inverse to the matrix 7^ ,, . Substitution of the Majo- 
rana fermions by these bosonic modes transforms Ctunn 
into: 

Ctunn ^Yj^J^YI ^ C0S{^^^^4^ - 0j - 1]^} . (5) 



The models defined by Lagrangians C — Co + C,j + Ctunn 
with different 7^^- are equivalent. This can be seen from 
comparison of their perturbative expansions in Ctunn- In- 
deed, since any non-vanishing term of these expansions 
contains ± exponents in pairs, a proper interchange of 
the exponents cancels them all and leaves only the sta- 
tistical sign. The sign is the same as one would get 
directly from the Majorana fermions and does not de- 
pend on the choice of matrix 7. When all Uj in (|^) 
become large, the arguments of all the cosine functions 
take the values that maximize them. The semiclassical 
condition that these arguments can be simultaneously 
fixed, imposes restriction on the phase space of the sys- 
tem. This restriction depends on the choice of matrix 
7, and the physically relevant 7 can be determined by 
minimizing the energy contribution produced by this re- 
striction. In the case of the two-point junction, there 
is only one parameter 7 = 72,1, and this can be done 
explicitly by using imaginary time representation of the 
Lagrangians, and evaluating [|l^ two parts of this contri- 
bution coming from modes with the energies above and 
below Tia = v/{xi-X2) as {D-Ti2)ln[{l+iy)^ + {jv-l)^] 
and Ti2ln[{l + + 7^^^ ~ 1]: respectively. The choice 
^ — 1/v that makes the same-time commutator of the 
two cosine arguments in vanish, minimizes the high- 
energy contribution. This means that this value of 7 has 
to be used if the two tunneling points are well separated 
so that T12 <C D. When, however, two tunneling points 
approach each other and T12 ~ -D, the loow-energy con- 
tribution becomes more important, and the choice of 7 
has to be changed to the smallest value consistent with 
the statistics (7 = 1 in our case). 

We can use the strong-coupling conditions to per- 
form real-time calculation of the current flow in a multi- 
point contact. The real-time results provide another, 
more intuitive, interpretation of the choice of the statis- 
tical phases. We parametrize them as 7ij = 7Sgn(i — 
j), where 7 is kept as a free parameter. This form 
is sufficiently general to describe the two-point con- 
tacts or contacts where all tunneling points are well- 
separated from one another. The strong-coupling con- 
ditions (/)o(xj, t)/v^ — 4>j ^ilj=^ii = ^^''^ make 
Lagrangian of the model Gaussian, and linear relations 
between the currents and the bias voltage are determined 
by the retarded Green function. The calculation gener- 
alizes the one for the single-point contact. The average 
(t>{x, t) in Eq. (^) becomes the {n + l)-component vector 
< [4)0, ...,(t)j +r]j,..]^ >, and —2'Kig/Ljj is the first col- 
umn of the (n -|- 1) X (n + 1) matrix Green function. The 
coefiicients aj,bj,j = 1^ n take different values aj,b^ 



for X smaller and larger than Xj , where p denotes < and 
> as before. The edge channel coefficients oq, bo take 
(n -I- 1) different values, changing at each tunneling con- 
tact X — Xj in a way that relates them to aj , bj by the four 
matching conditions derived above for the single-contact 
case. We denote with Oq and 6q their values for x smaller 
than Xn (p = <) and larger than xi {p =>). A set of 
2(ri,-|- 1) independent vector- functions satisfying all these 
conditions can be chosen as: /~ = [y^, 1,1,1,...]"^,/^"" = 
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'fcJj = (e 



(eo 



-l)+ECie;( 



1)/^, 



where a vector e/ has the only non-zero ^th component 
equal to 1. Since all bf coefficients of the function g are 
zero, it can be expanded in this basis as 



(6) 



with (n -|- 1) unknown coefficients s/. The non-zero Sj 
lead to finite jumps of aj and bj aX x — 

> _ 



fore, to the non- vanishing b 



and there- 
Then, in 

accordance with Eq. (^, the reservoir channel currents 
arising at Xj can be found as jj{LU,x) = 2^^aob^ 9{x — 

Xj)e^'^^/^ . Jumps of the coefficients aj and bj are caused 
by the charge tunneling at the contact points Xj, with 
further propagation of charge after tunneling governed 
by the free retarded Green function. This means that 
this function determines both the continuous parts of the 
a, b coefficients and the relations between their discon- 
tinuous parts and the coefficients Sj. The Green func- 
tion is (n -|- 1) X [n + 1) matrix, and can be written as 
_ftr X 1 — 77rzC/w, where C is the antisymmetric ma- 
trix with all elements above the diagonal, except the 
first row, equal to 1. From this form one can find that 
6,"^ = (the fact already used in Eq. (^), and that the 
coefficients a/ are related to Sj. In particular: Oq = 
1/2+E;:=i Spl2^,af = -s,/2+7/2^p^^.sgn(j-p)sp. 
From comparison of these relations with those obtained 
by direct substitution of the /-vectors into Eq. we 
find n equations: 



l + v 



2s,- 



(7) 



j=p+l ^ ^ 



where p — l-^(n— 1). Equations (Q) allow us to determine 
all unknown coefficients Sj. 

For the two-point contact these equations reduce to: 



si = (1 - 7 + -[1 - e'"(^i-^2)/"])^2_ ^ 
ly 1 -I- 7 



S2 



1^3/2(1+7) 



2R 



(8) 



i?^ = 1 + 1/(1 - 7) + y (1 + 7^) - (1 - j/7)e'"*"" 
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The part of the denominator R proportional to (1 — 
P"f) signals the appearance of an interference structure 
in the currents. Substituting si,2 (^) into jo{x,t) = 
— / dwe~"^*~"l'^l J2i 2jji^'^) O'^^ that, indeed, 

the time dependence of charge propagation along the 
edge exhibits multiple backscattering events at X2 and 
xi: A charge wave started by the tunneling into the edge 
propagates from the point X2 to xi with the velocity v 
and then instantly recoils back to X2 from xi with a fi- 
nite reflection coefficient proportional to (1 — vj). The 
formal possibility of the charge propagation with infinite 
velocity in the direction opposite to the edge chirality 
is a combined effect of x-independent solutions of the 
operator from (^) and the matching conditions at 
the tunneling points. However, this instant "counter- 
propagation" violates causality of the edge response to 
external perturbations and can not appear in the final 
physical results. This argument, in agreement with the 
minimization of the energy contributions, makes 7=1/1/ 
the only possible choice in the situation when xi and X2 
are well separated and T12 <C D. When xi is so close to 
X2 that T12 is on the order of D, the choice 7=1 does 
not contradict the causality, since charge density joix, t) 
can not be split into two different parts located at these 
points. 

A general expression for the zero-frequency tunnel- 
ing conductance G valid for any value of 7 and num- 
ber of the reservoir channels n can be obtained from (M). 
The zero-frequency solution of the second of Eqs. (0) 
is: Sp_i = qsp,p = 2 ^ n, with g = (1 - 7)/(l -|- 7) 
and makes all Sj proportional to s„. The conductance 
G — —lanJvy^^ s-j is obtained then from the first of Eqs. 

(i: 

g ^ 2^[(l+7)"-(l-7)"] 

(1 + t/7)(l + 7)" - (1 - i/7)(l - 7)" ' 

This expression shows how the conductance depends on 
the assumed exchange statistics between electrons in the 
different reservoir channels. The choice 7 = 1 corre- 
sponds to the tunneling model where all point contacts 
are located closely to each other and for any n yields 
G = Gi, i.e., all reservoir channels arc reduced to one 
tunneling mode. After incorporation of the similar tun- 
neling junction with the second FL reservoir, the one- 
tunneling-mode conductance becomes equal to the 

free electron conductance (Tq. If all point contacts are 
well separated we should use 7 = l/v. The tunneling 
conductance is then G — (To^'(1 — g") and depends on the 
number of channels. When n — > cxd, it saturates at i^crQ. 
All currents calculated in this regime are temperature in- 
dependent and coincide with those derived under the as- 
sumption of decoherence |l^,|l^. To our knowledge, this 
assumption does not have quantitative microscopic jus- 
tification. In particular, due to chiral propagation along 
the edge, a large temperature by itself does not lead to 
decoherence Q. As can be seen from the solution con- 
structed above, the same incoherent addition of currents 



can be obtained without decoherence, when separation 
of contacts leading to equilibration inside the edge is 
achieved by appropriate choice of statistical phases. 

As a final point, we use the constructed strong coupling 
solution to discuss fluctuations of the tunnel currents in 
the multi-point junction. The fluctuations are character- 
ized by the symmetric correlator of pairs of the fluctuat- 
ing parts of the currents ji(x, t)— < t) >, « = n. 
As before, when positions of the tunneling contacts allow 
a definite choice of factors 7, the phases in (|^) are fixed in 
the strong coupling regime, and the Lagrangian acquires 
a Gaussian form. In this case, effect of the finite bias 
voltage in the Lagrangian is reduced to the shift of the 
(j) averages which cancel out in the correlators. There- 
fore, the junction in this regime does not generate the 
shot noise, i.e., even at finite bias voltages the current 
fluctuations are the same as in equilibrium, and at zero 
frequency vanish linearly with temperature. 

In conclusion, we have found the strong-coupling so- 
lution of the model of tunneling between the multi- 
channel Fermi-liquid reservoir and an edge of the princi- 
pal FQHL. Solution depends on the choice of the statis- 
tical phase branches of the different channels. When the 
reservoir channels tunnel into the edge at well-separated 
points, the phase branches are uniquely determined by 
the requirement of conservation of the initial commuta- 
tion symmetry of the appropriate parts of the tunneling 
Lagrangian. Additional statistical phases can be inter- 
preted as even number of fluxes absorbed/emitted by 
electrons tunneling into the edge that transform them 
into composite fermions. As tunneling points approach 
one another, the regular statistical phases ±77 are re- 
stored and the multi-channel tunneling is reduced to a 
single tunneling mode. Our results explain the difference 
between transport through the ID FQHL edge and the 
Tomonaga-Luttingcr-liquid wire: The two terminal uni- 
versal conductance of the edge is renormalized by the flux 
attachment, while direct electron-electron interaction in 
the wire does not change its universal free-electron con- 
ductance. 
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